Abstract. We prove that if a continuous surjective map f on a compact metric space X has the average shadowing property, then every point x is chain recurrent. We also show that if a homeomorphism f has more than two fixed points on S 1 , then f does not satisfy the average shadowing property. Moreover, we construct a homeomorphism on a circle which satisfies the shadowing property but not the average shadowing property. This shows that the converse of the theorem 1.1 in [6] is not true.
Introduction
The shadowing property(also called the pseudo-orbit tracing property) is one of the most important notions in dynamical systems(see [1] ). In [2] , Blank introduced the notion of average-shadowing property (see [3] ). In [5] , Sakai proved that, on a closed C ∞ surface, the C 1 interior of the set of C 1 diffeomorphisms with the average-shadowing property is characterized by the set of Anosov diffeomorphisms. In [6] , Zhang proved that whenever a homeomorphism f on a compact metric space X has the average-shadowing property, every point x in X is chain recurrent.
In this paper, we extend the property of homeomorphisms of the theorem 1.1 in [6] to the property of continuous surjective maps.
Theorem. [6] If a homeomorphism f on a compact metric space X has the average shadowing property, then every point x is chain recurrent. Moreover f has only one chain component which is the whole space.
And we show that if a homeomorphism f has more than two fixed points on S 1 , then f does not satisfy the average shadowing property:
Theorem. Let S 1 be a circle and let f : Moreover, we show that the converse of the theorem 1.1 in [6] is not true by constructing a homeomorphism on a circle which satisfy the shadowing property, but not the average shadowing property.
Notions
Let (X, d) be a compact metric space and let f :
We say that the homeomorphism f has the shadowing property if for each > 0 there exists δ such that every δ-pseudo-orbit {x n } n∈Z is -shadowed by an orbit {f n (y)| n ∈ Z} of for some y ∈ X, i .e.
Let x, y ∈ X be given. We say 
The average-pseudo-orbits are a certain generalization of the notion of pseudo-orbits. It is said that f has the average-shadowing property if for all > 0, there exists δ > 0 such that every δ-average-pseudo-orbit
Let (X, d) be a compact metric space and let f be a continuous map
We say that f has the average shadowing property if there is a metric d for X with the following property: for every > 0, there is δ > 0 such that every δ-average-pseudo-orbit {x i } ∞ i=0 is -shadowed in average by some point y ∈ X; that is
We use by B(x, ) the open ball with the center x and the radius .
Average shadowing property
Consider a circle S 1 with coordinate x ∈ [0, 1), and we denote by d the metric on S 1 induced by the usual distance on the real line. When we study the theory of shadowing and average shadowing, usually we only consider the homeomorphisms on S 1 which preserve orientation.
Let Π(x) : R → S 1 be the covering projection defined by the relations
with respect to the considered coordinates on S 1 . Let f : S 1 → S 1 be a homeomorphism and let a homeomorphism F : R → R be a lifting of f . 1 d(x, y) . Consider δ > 0. Take a natural number N such that
Then it is easy to see that for n > N and k ∈ Z,
Thus {x i } ∞ i=0 is a δ-average-pseudo orbit of f . We assume that there is a point z in S 1 such that {x i } ∞ i=−∞ is -shadowed in average by z. Then there is a natural number t and a fixed point c of f such that for n > t, f n (z) ∈ B(c, ) and since d(a, b) > 3 ,
It is a contradiction and so we complete the proof of Theorem 3.1.
The following Corollary 3.2 shows that the converse of the theorem 1.1 in [6] is not true. The following Remark shows that there is a homeomorphism on S 1 which has the shadowing property, but not the average shadowing property. 
By [4] , f has the shadowing property. But the point Π( We use the theorem 1.1 in [6] to drive another characterization of the average shadowing property. Consider a subset S 1 of X which satisfy f (S 1 ) = {y}. Take a point y 1 ∈ S 1 . Then f (y 1 ) = y, for y 1 ∈ S. Again we consider a subset S i of X and take a point y i in S i satisfying
Then for n ≥ N 0 and k > 0,
Hence it isshadowed in average by some z ∈ X, that is, 
Otherwise, there exists a natural number N such that for all i > N ,
which is a contradiction. such that x i 0 ∈ P 1 and x l 0 ∈ P 2 . Then This proves x f → y and we complete the proof of Theorem 3.4.
